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H ' non-BPS background. Our method is based on the superconformal formulation 
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effects induced by a deformed geometry due to the backreaction of the radius 
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1 Introduction 



In recent years, the brane-world scenario |2j has attracted much attention as a candi- 
date for the new physics beyond the standard model and has been investigated in various 
frameworks. The idea that our four-dimensional (4D) world is embedded into a higher 
dimensional spacetime was introduced^ by Hofava and Witten in their investigation of the 
strongly-coupled heterotic string theory j4j. Five-dimensional supergravity (5D SUGRA) 
on an orbifold /Z2 appears as a low-energy effective theory after the reduction of their 
theory to five dimensions by compactifying on a Calabi-Yau 3-fold [Sj. In addition, 5D 
SUGRA has been investigated actively as a simplest stage of the supersymmetric (SUSY) 
brane-world scenario. 

When we construct brane-world models, a size of the extra dimensions has to be sta- 
bilized. One of the main stabilization mechanisms is proposed in Ref. jO], and similar 
mechanisms have also been studied [3 IHl E] ■ These mechanisms involve a bulk scalar field 
that has a nontrivial field configuration. Generically, such a scalar configuration does not 
saturate Bogomol'nyi-Prasad-Sommerfield (BPS) bound 10 , and breaks SUSY [8 . At the 
same time, the background geometry receives the backreaction of the scalar configuration, 
which has not been taken into account in most works. Thus, SUSY breaking effects can be 
mediated to our visible sector through the deformation of the spacetime geometry even if 
the visible sector is decoupled from the stabilization sector where SUSY breaking occurs. 
One of the authors discussed such SUSY breaking effects in a toy model where the bulk 
spacetime is four dimensions and the effective theory is three-dimensional ^1]. In that 
work, a systematic method is proposed to describe a 4D SUGRA action in terms of 3D 
superfields on a general warped geometry, including a non-BPS background. In this paper, 
we will apply this method to 5D SUGRA and derive 5D SUGRA action described by 4D 
superfields on the general warped geometry. 

For concreteness of the discussion, we will assume that the radius of the extra dimen- 
sion is stabilized by a scalar configuration of a hypermultiplet, which is decoupled from 
the visible sector. In this case, the spacetime geometry is determined by the nontrivial 
vacuum configuration of the radius stabilizer in the hidden sector besides the cosmological 
constant through the Einstein equation. We will also assume that the extra dimension 
is compactified on an orbifold /Z2- In this paper, a characteristic scale of the hidden 
sector Ahid is supposed to be much smaller than the 5D Planck mass M5. For example, Ahid 
is supposed to be an intermediate scale. Thus, interactions with the gravitational fields 
can be neglected. Especially, in the limit of Ahid/Ms — »• 0, the deformation of the geometry 
vanishes and the spacetime becomes flat or a slice of anti-de Sitter (AdS) space. 

The superconformal formulation of 5D SUGRA is a systematic and elegant way of 
describing the bulk-boundary system ^21 ^1 ^1 H^J , but it involves very complicated and 
tedious calculations to derive the action. Our method is based on the superconformal 
formulation, but is much easier to handle thanks to its 4D superfield description. Thus, 
our method is useful as a practical method of deriving the 4D effective action expressed by 
superfields. 

The radion superfield plays an important role in transmission of SUSY breaking effects 
^In the context of field theory, such an idea was originaUy studied in Ref. (3j. 
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to our visible sector fOJEI- Although there are some papers identifying the radion chiral 
multiplet with fields in the off-shell 5D SUGRA ^H], no one has constructed the radion 
superfield from the off-shell SUGRA directly. Using our method, we can identify the radion 
superfield and see its appearance in the action directly from the off-shell SUGRA. 

The paper is organized as follows. In the next section, we will provide an invariant 
action expressed by 4D superfields. In Sect. El we will explain the gauge fixing of the 
extraneous superconformal symmetry, and specify the physical superfields. In Sect. EJ we 
will derive the action after the gauge fixing, and identify the radion superfield. SUSY 
breaking induced by the geometry is also discussed. Sect. El is devoted to the summary. 
The notation we use in this paper is listed in Appendix ^ and brief comments on the 
invariant action is provided in Appendix lEl 

2 OfF-shell formulation 

In this section, we will briefiy explain the field content in the superconformal formulation 
of 5D SUGRA. Then, we will construct 4D superfields^ and express an invariant action in 
terms of them. Basically, we will follow the notation of Ref . ^3] . Throughout this paper, 
we will use /x, i/, ■ ■ ■ = 0, 1, 2, 3, 4 for the 5D world vector indices, and m, n, ■ ■ ■ = 0, 1, 2, 3 
for the 4D indices. The coordinate of an extra dimension is denoted a.s y = x^. The 
corresponding local Lorentz indices are denoted by underbarred indices. 

2.1 Field contents 

The 5D Weyl multiplet consists of the following fields. 

e/, V';, V^, b,, v,^, x\ D, (2.1) 

where i,j = 1,2 are indices of SU {2)u, which is related to SU (2)r after the superconformal 
gauge fixing. These are the fiinfbein, the gravitino, the gauge bosons for SU{2)u and the 
dilatation, a real antisymmetric tensor, an SU{2)u Majorana spinor, and a real scalar, 
respectively. Among these, only e^- and ip^^ are dynamical, is eliminated by the gauge 
fixing condition, and the remaining ones are auxiliary fields. Especially, and D appear 
in the action in the form of Lagrange multipliers [13j. 

In this paper, we will introduce vector multiplets (/ = 1, 2, ■ ■ ■ , riy) and hypermul- 
tiplets H"' (a = 1,2, ■ ■ ■ ,nu) as matter multiplets. In addition to these, there is a vector 
multiplet V° that includes the graviphoton,^ and a compensator hypermultiplet Ti^.^ Thus, 
there are ny + 1 vector multiplets (J = 0, 1, 2, ■ ■ ■ , ny), and riu + l hypermultiplets 
(d = 0, 1,2, ■ ■ ■ ,nH). 

A vector multiplet consists of 

W/, Y^'^, (2.2) 

^In this paper, we will use the word "4D superfield" for an A/" = 1 superfield that is allowed to have 
y-dependence. 

■^In Ref. mi, this is called the central charge vector multiplet. 

^We will assume that there is only one compensator hypermultiplet. An extension to the multi- 
compensator case is straightforward. 
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which are a gauge scalar, a gauge field, a gaugino and an auxiliary field, respectively. 

The hypermultiplets consist of complex scalars Af, spinors and auxiliary fields JF". 
They carry a Usp{2, 2nH) index a (a = 1, 2, • • • , 2nH + 2) on which the gauge group G can 
act. These are split into nn + 1 hypermultiplets as 

'j_^a _ |-^2a+l ^2d+2 ^2a+l ^2o+2 ^2q!+1 ^2a+2^ 3^ 

As mentioned above, 7i"=° is used as a compensator multiplet. 7-^°"^ is supposed to be a 
stabilizer multiplet whose scalar components have a nontrivial vacuum configuration that 
is relevant to the radius stabilization. The remaining hypermultiplets are matter fields in 
the visible sector. 

The hyperscalars satisfy the hermiticity condition 

= e^M^V = -(A")*, (2.4) 

where pa/3 is an antisymmetric tensor. (See Appendix |X|) Thus, we can choose Al^2 
(a = 1, 2, ■ ■ ■ , 2nH + 2) as independent fields. The auxiliary fields J-'°' also satisfy the same 
type of condition. 

The gravitino ip^^ and the gauginos are SU{2)u Majorana spinors, and the hyperi- 
nos are Usp{2, 2n}j) Majorana spinors. Due to the corresponding Majorana conditions, 
we can choose only the right-handed components of these spinors as independent fields. 
Thus, we will use a 2-component spinor notation defined by Eq. ()A.7|) in the following 
sections. The relation to the 4-component spinor notation is referred in Appendix ^ 

V^-' and Y^"^^ are triplets of SU{2)u. In the following, we will use the 'isovector' notation 
for these triplets, i.e., 

3 3 

r=l r=l 

where eij is an antisymmetric tensor (ei2 = 1), and cr^ (r = 1, 2, 3) are the Pauli matrices. 

The orbifold parity of each field is listed in Table ^ Here, we will assume that all the 
physical vector multiplets have massless 4D vector fields in the Kaluza-Klein decomposition, 
while the graviphoton has an odd parity and no massless mode. Namely, 117=0 = ~1 and 
11/^0 = +1- For the hypermultiplets, we can always redefine the fields by using a degree 
of freedom for Usp{2, 2n}i) so that their parity eigenvalues are those listed in the table. 

2.2 Superfields and invariant action 

We will take the warped metric ansatz for the background geometry, 

ds^ = gf.^dx^dx" = e^^^y^rnndx'^dx'' - {ty^fdy^, (2.6) 

where (e^^^) is a vacuum expectation value (VEV) of ty. 

Since we are not interested in the gravitational interactions, which are suppressed by 
the large Planck mass M5, we will freeze the gravitational multiplet to its background 
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Weyl multiplet 



n = +1 




n = -1 




Vector multiplet 






-n, 


w/, 


Hypermultiplet 


n = +1 


yl2a+2 ^2a+2 ^2&+2 
•^i=2 ' j=l 5 '^R 


n = -1 


A2&+1 ^2&+l /•2a+l 
•^i=2 5 i=l 5 Sr 



Table 1: Orbifold parity eigenvalues 

value. ^ 

(eJr) = {ey') = constant, 

m = 0, 

(\/M) = 0, (r = l,2,3) 

(^Mi.) = 0, (2.7) 

where (■ ■ ■) denotes a VEV of the argument. Note that ifj^^, Vm^ and f^,^ cannot have 
non-zero VEVs because of the unbroken 4D Poincare invariance. On the other hand, the 
extra-components of the SU{2)u gauge fields Vj"^ can have non-zero VEVs. To simplify 
the discussion, we will ignore the dependence on (Vy^^). We will comment on this point in 
Sect. 14.41 In the following, we will also drop the dependences on b^, x* and D because 6^ will 
be set to zero by the gauge fixing condition and x* and D only play Lagrange multipliers 
as mentioned in the previous subsection. We can always rescale the coordinate y so that 
{ey^) = 1, but here we will leave (e^^^) as an arbitrary constant in order to make clear the 
correspondence to the 4D superconformal multiplets in Ref. |14j. 

In the case of {Vy^^) = 0, we can construct 4D superfields from 5D vector and hyper 
multiplets, and express an invariant action on the above gravitational background in terms 
of them by using a method proposed in Ref. By introducing the spurion superfield^ 

Vt = (e/) + ze'e^iVy^'^ + zV^^^'^) - iB\%V^^'' - ), (2.8) 

and modifying some auxiliary components of the above constructed superfields, we can 
incorporate (v'^^) and (vj^'*) into the invariant action. Each superfield is defined as follows. 

^The replacement of u^j^ with its background value causes short of some terms in the invariant action, 
but this is not a problem for our purpose. (See Appendix IbII 

^This superfield corresponds to the 4D general multiplet Wy in Ref. 
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From the vector multiplets, we will define the following 4D vector and chiral superfields. 

m 2 

^^s- Ox's - d'^L (2.9) 



where^ 



J^i = e^{{V^'^ + ^V;(2))M^ - z(e,^) (F^^^) + iY'^^'^)] . (2.10) 



The dot denotes derivative in terms of y. Here, we have chosen the Wess-Zumino gauge. 
For simplicity, we will consider only abelian gauge groups in this paper. Under the gauge 
transformation, the above superfields transform as 

$^ ^ ^'s + idyK\ (2.11) 
where are arbitrary chiral superfields. Thus, the gauge invariant quantities are 

Wi = —D^D^V'. (2.12) 

Here, Vt in the definition of V"/ is not necessary for the invariance under the transforma- 
tion ()2.11|) . but is necessary for covariantization of y-derivative in terms of SU{2)u. 
From the hypermultiplets, we will define the following chiral superfields. 



= - ^X" - ^^5^", (2.13) 



where 



- [Wl - ^{ey')M^) {gt^r^Af + ^a^?} . (2.14) 



^The minus signs of the coefficients of 9 and 9^ in the chiral superfields are necessary for matching to 
the notation of Refs. [Ulllin]. 
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In the last expression, is defined as 

= ^« _ M\gt^Yf,A{. (2.15) 

The generators of the gauge group t/ (/ = 0, 1, ■ ■ ■ , ny) are defined as anti-hermitian. 
Using these superfields, the 5D invariant action can be written as follows. 

S X /^vector ~l~ hyper; 

^vector = Jd'e + ^D' {V' D^dyV' - D^V'dyV') W^^ + h.C. 

Ayper = -2e'- Jd'O 1^^^/$^ (e-^^^^^^^^ $^ 



Jd'^e ^''dfpf,^ {dy - 2g^'stiys + h.C. 



(2.16) 



where Cjjk is a real constant tensor which is completely symmetric for the indices, and 
d^^ is a metric of the hyperscalar space and can be brought into the standard form 



df=('' 1 . (2.17) 

Eq. (j2.16|) is very similar to the action in Ref. ^n]; except for the appearance of the 
spurion superfield Vt and the warp factor.^ However, note that our action is SUGRA action 
before the superconformal gauge fixing, which is explained in the next section. The above 
action certainly reproduces the component action in Refs. [TSIIIS].^ (See Appendix |B|) The 
first line of ^vector corresponds to the gauge kinetic terms and the supersymmetric Chern- 
Simons term. In fact, variation of these terms under the gauge transformation 1)2.111) does 
not vanish, but becomes total derivative. Thus, these terms cannot be expressed by only 
the gauge-invariant quantities Vg and . 

In addition to the above action, we can also introduce the brane actions localized at 
the fixed boundaries of the orbifold. We will discuss them in Sect. 14.11 



3 Gauge fixing and physical superfields 
3.1 Gauge fixing conditions 

In order to obtain the Poincare supergravity, we have to fix the extraneous superconformal 
symmetries, i.e., the dilatation D, SU{2)u, the conformal supersymmetry S and the 
special conformal transformation K. The gauge fixing condition for each symmetry is as 

follows [niiin!. 

^The Vr-dependence in Eg. (|2. 16(1 is also taken into account in Ref. "20". 

^An invariant action constructed in Ref. ^31 coincides with that of Ref. |T5^ on the gravitational 
background p. 7(1 , although S'-gauge is already fixed from the beginning in Ref. . 
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The Z?-gauge is fixed by 

M = CijkM^M-^M^ = Ml, (3.1) 

{2 2nH+2 
-J2\^2\"+Y1 l^fl' =-2M|, (3.2) 
a=l a=3 J 

where J\f is called a norm function, and SU {2)u is fixed by the condition 

A-ocdt. (a = 1,2) (3.3) 

The S-gauge is fixed by 

XiQ^' = 0, (3.4) 
AyJ'Cp = 0, (3.5) 

where M = dU/dM^. 

The 1^-gauge fixing condition is 

= 0, (3.6) 

which is already taken into account in our case. 

Here, note that the compensator scalars (a = 1,2) are charged under both SU{2)u 
and an SU{2) subgroup of Usp{2, 2n}i) that rotates only the compensator part, which refer 
to as SU{2)c- Thus, the SU{2)u gauge fixing condition ()3.3|) breaks SU{2)u x SU{2)c up 
to an SU{2) diagonal subgroup. This is the symmetry known as SU{2)r in the Poincare 
super gravity. 

In the original superconformal formulation, the conditions (j3.ip and (j3.2p . or (j3.4j) 
and ()3.5|) are not independent because the equations of motion for and D in the Weyl 
multiplet lead to the constraints 

Atd^A'p + 2A/' = 0, (3.7) 
Atd£Cp+Wl = 0. (3.8) 

In our case, however, we must impose these constraints by hand since we have dropped 
the dependences of and D. 

In the vector sector, we will consider the maximally symmetric case in the following. 
Namely, the norm function is 

1 "V 

j=i 

In this case, the gauge scalars which satisfy the constraint 1)3.11) are parametrized by 
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the physical scalar fields (f)^ {x = 1, ■ ■ ■ , riy) as follows. 
r/=0 



"1 2/3 1 

cosh 0i cosh 02 . . . cosh 0"^ [ = M5 + — ^ Vl^"^)^ + 0{M^^), 

^ x=l 



cosh 0^ cosh 02 ■ ■ ■ cosh 0"-v I ^'^s 



1=2 v^Ms cosh 0-*^ sinh 0^ \/2 ^ /^n\/r-T/'^\ 



M'=' = '—-TT. = TTTl^r + 0(M 



1/3 

cosh 0^ cosh 02 ■ ■ ■ cosh 0"v [> ^'^s 



'5 



-7/2x 



^/=nv _ V2M5 cosh 0^ cosh 02 ■ ■ ■ cosh 0"v-^ sillh 0"v ^ ^^nv + ^^j^^- 

•j cosh 0^ cosh 02 ■ ■ ■ cosh 0*^^ J. ^''■'5 

(3.10) 



where 0^ = (jy^/M^^"^. 

In the language of 4D superfields in the previous section, the gauge fixing condi- 
tions ()3.2ll3.5j) can be written as follows. 



= 0, 

2nH+2 \ 2nH+2 

"=2 _ [ A#3^ 'S:^ 1 _ ;,^3/2 , i_ |,^«|2 , ^o^A#-9/2^ 

3/2 



X 



a=3 / 
2nH+2 



^ ^,7=3 

2nH+2 



^^-'5 /3=3 



/9 



= + (3-11) 



3.2 Physical gauge superfields 

Due to the gauge fixing conditions ()3.1|) and ()3.4p . the physical gauge scalars and gauginos 
in 5D vector multiplets have only ny components, respectively. Thus, the ny + 1 vector 
multiplets can be expressed by ny physical vector and chiral superfields and $5 (x = 
1, ■ ■ ■ , ny) besides the graviphoton after the gauge fixing. A manifold of the physical 
gauge scalars 0^' is the very special manifold. Various geometrical quantities of M. are as 
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follows ED- 

g^y ^ ajjhihl, ^ {g-'fy , (3.12) 

where a/ j is a metric of the ambient riy + 1 dimensional space, and g^y is an induced metric 
on M. 

From Eg. (jH.lOj) . the physical gauge scalars can be expressed as 



1/2 

^M^=^ + C(M5"^/^). (3.13) 
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Due to the gauge fixing condition ()3.4j) . /i/A^ = /i/xi = 0. Thus, these combinations 
should be interpreted as the fermionic components of the graviphoton multiplet whose only 
nonvanishing component is the graviphoton B^. Note that /if = g^^auhy are orthogonal 
to hj. Thus, the physical fermions are specified as 

Ts ^ h^ix's = + 0{M-'/'). (3.14) 

Therefore, we can express the physical superfields in terms of the original gauge super- 
fields as 

v2 

n = ^^s=' + 0{M~'/'). (3.15) 

Terms of 0{M^ ^^^) are cubic or higher order for the physical fields. 

The graviphoton is identified with at the leading order of M5~^-expansion in 

our case. Since we are not interested in the fluctuation modes of the gravitational multiplet 
in this paper, we will replace the graviphoton by its VEV in the following. 

3.3 Deviation from BPS limit 

5D SUSY transformation is parametrized by an SU{2)u Majorana spinor e* (z = 1,2). 
This can be rewritten as two 4D Majorana spinors. 

e- = z (PRe^ + Plc') , (3.16) 
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where the projection operators Vb.,l are defined in Eq. ()A.6|) . The signs in the superscripts 
denote the corresponding parity under the orbifold transformation. Thus, after the orbifold 
projection, 5D = 1 SUSY is broken to 4D = 1 SUSY parametrized by e"*". In the 
following, we will focus on this SUSY and its breaking. 
Now, let us define the following quantities. 

Here, we have assumed that the graviphoton Wy does not have a non-zero VEV. Note that 
-Dy and /| are proportional to VEVs of the auxiliary fields in and in the 

case of (K}^'' + iVy'^'^) = 0. Using these quantities, VEVs of SUSY variations for fermions 
can be written as 

M/i(7^e+)R, (S^l^) = -leVG(7,r,e+)R, 





3M| 




2 ^' 


{SO = 


^ (/h - 


mR) = 





(-/i + ^(MW,)/i)e+, (3.18) 



where the transformation parameter e"*" is assumed as 

e^(y) = e~2^eQ . {e^: 4D Majorana constant spinor) (3.19) 

Thus, the quantities defined in Eq. ()3.17|) and (vj^^ characterize the deviation from 

the BPS limit. However, not all of them are independent quantities. In fact, there are some 
relations among them. By taking the SUSY variations of the gauge fixing condition (j3.4j) 
and using Eq. (|3.18p . we will obtain a relation 

m {Dlj + (M^)/g) = 0. (3.20) 

Similarly, from the gauge fixing condition (j3.5|) . we will obtain 

{o 2nH+2 
a£=3 

J2 {•Af)ft + m)fs\, (3.21) 



where 

1/2 



{AD = [mI + \{Al)\' + \{At)\') . (3.22) 
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4 Action after gauge fixing 



In this section, we will derive the expression after imposing the gauge fixing conditions ()3.1I - 
13 -Sp on the invariant action ()2.16|) . 

4.1 Brane action 

Before proceeding to the derivation of the bulk action, let us discuss the brane action 
briefiy. In addition to the bulk action, we can introduce the brane actions localized at the 
fixed boundaries of the orbifold. If we neglect fiuctuations of the gravitational fields, the 
4D superconformal invariant action j22] can be expressed as follows. 



""brane ' 



S'brane = / '^^^ ^S*^*^^ ~ ^^'^t 

y=0,TTR 

41e = [ld'e fniSWw'' + h.c.} 

-e^'' jd^e S^S^e-^^(^'^) + e^^-^ jy^^e S|P(5) +h.c.| , (4.1) 

where y = 0, tiR denote the coordinates of the fixed boundaries, and Cy are some dimen- 
sionless constants which are assumed as small numbers, /jj, K and P are the gauge kinetic 
functions, the Kahler potential, and the superpotential, respectively. The indices /, J run 
over not only the brane localized vector multiplets but also induced ones on the boundaries 
from the bulk multiplets. The chiral superfield Sy = yj^ — 6x^ — O'^T^ is a 4D compensator 
superfield, and S"" are chiral matter superfields. The Weyl weights of the lowest compo- 
nents in and are one and zero, respectively. The warp factors in C^^^^^ come from the 
induced metric on the boundaries. Note that the 4D compensator must be induced from 
the 5D compensator because the gravity is unique. Since the 5D compensator scalar ^2^^ 
has the Weyl weight 3/2, we should identify Y,y as^° 

~ ^\y=yi (^-2) 

where 

S = ($"=2)2/3, (4 3) 

Chiral matter fields 5" appearing in ^branc can contain the induced multiplets on the 
boundary from the 5D bulk multiplets. However, since the Weyl weight of S"* must be 
zero, the physical bulk fields $° {a > 3) can appear in S'brane only in the form of 

^1 ^ M-'/'HX=y = ^l- 0x1 - ^'-^1' (4-4) 



where w = 1, 2, ■ ■ ■ , nn, and 5D superfields are defined by 



^°We cannot use because it is odd under the orbifold parity and vanishes on the boundaries. 
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The numerical factor is for the canonical normalization in the bulk action. Similarly, we 
will define another bulk fields H^^ (i; = 1, 2, ■ ■ ■ , tt-h) as 



Cv _ 



(4.6) 



Note that if are odd under the orbifold parity and vanish on the boundaries, while B."" 
are even. (See Tabled]) 

The gauge fixing conditions ()H.2j) and are rewritten on the boundary in terms of 
the components of and 5*^ as 



where 0{M^^) terms are quartic and higher order terms for the physical fields. These 
conditions coincide with the gauge fixing conditions in the superconformal formulation of 
4D supergravity up to the quadratic order for the physical fields, except for the overall 
factor of </9^. (See the appendix of Ref. [H].) The discrepancy of the overall factor leads 
to a wrong coefficient of the Einstein-Hilbert term. However, this is not a serious problem. 
Strictly speaking, when we add the brane actions to the bulk action, the Z)-gauge fixing 
condition p.ip and ()3.2|) should be modified so that the 4D Einstein-Hilbert term is canon- 
ically normalized after integrating out y-coordinate. However, this modification is almost 
negligible because of the suppression by the large volume of the extra dimension and the 
smallness of Cy in our case. The coefficient of the 4D Einstein-Hilbert term is determined 
mainly by the bulk term. Thus, the gauge fixing conditions ()3.H) - ()3.5|) can also be applied 
for the bulk-brane system. 

4.2 Bulk action 

Now we will derive the bulk action ^buik after the gauge fixing. For simplicity, we will 
assume that the compensator multiplet and the hidden sector fields (a = 1, ■ ■ ■ ,4) are 
charged under only the graviphoton W^. All the directions of the gauging are chosen to 
(Ta-direction since the gauging along the other directions mixes <l>^"+^ and <|)2"+2^ which 
have opposite parity eigenvalues. Namely, 



where = dmg{gi, g^, ■ ■ ■ ,9iJ (^ = 0, 1, ■ ■ ■ ,ny) are {n^ - 1) x (^h - 1) matrices 
of the gauge couplings for the hj^ermultiplets in the visible sector. Note that the gauge 
couplings {g^, g^, g^) are odd under the orbifold parity since H/=o = —1 in Tabled] Namely, 




(4.7) 




(4.8) 
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(fi'c ; fi'h) fl'°) have kink profiles. The other gauge couphngs are even under the parity and 
constant in the whole range of y. 

Since we are interested only in the visible sector, we will neglect the fluctuation modes of 
the stabilizer hypermultiplet ($°=^,<|)"=*^) around the background. Then, the bulk action 
is written as 

5'bulk = Jd^x CsF + ^SB, 

£sF = {/^'^ irw^w" + h.c.j + ^ jd^'e (^dyV^ + i^^s - 

+e''' [^jd'O ^'H^ Q dy +moT - 2ig^^''s^ H + h.c.j , 



-e''^(e/)0<^ ((0^)^) - e^Vc {(e,^)0^^^ - ^(xP^ + h.c.)| + ■ ■ ■ , (4.9) 

where H'", H^'", and S are defined in the previous subsection. The index t> = 2, 3, ■ ■ ■ , nn 
for the hypermultiplets is suppressed, and summations for the indices x = 1, 2, ■ ■ ■ , ny are 
implicit. The derivative operator dy is defined as AdyB = AdyB — BdyA. The mass 
matrix mo and the physical (dimensionful) gauge couplings are defined as 

mo = M,g\ r = (4.10) 

and the superfield T and the operators Oh and are 
2z 



T = $ 



5 





5' 



(4.11) 

Here, we have used the relation 



D° = -M5/G, (4.12) 



^^The kink- type gauge couplings can be realized in SUGRA context by the mechanism proposed in 
Ref. 0. 
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which is derived from Eg . (13.201) under the assumption that (0^) = 0.^^ The elhpsis in 
Eq. (j4.9|) denotes quartic or higher order terms for the physical fields. Such terms are 
suppressed by the large 5D Planck mass M5 and are negligible. Field independent terms 
are dropped here. 

In the above expression, fermionic components and fluctuation modes of auxiliary fields 
in S and T only contribute 0{k) quartic or higher order terms that are neglected here. 
Thus, in Eq. (l4.9|) . S and T can be understood as the following spurion superfields. 

T=({e,')-^{W')) -Q-'Tt. (4.13) 



5 



where Tt = -2ie'' (^{Vy^^^ + iV^'^^) + {ey^)M^^p^. From Eqs.(|2IHI) and we can see 

that T and Vt correspond to the radion superfield. We will discuss it in the next section. 
All the SUSY breaking terms in £sb involve quantities defined in Eq. ()3.17|) and thus vanish 
in the case of a BPS background. 



4.3 Radion superfield 

Here, we will consider the case that the background is BPS. In this case, £sb in Eq. ()4.9|) 
vanishes and the action can be expressed by only superfields. Besides, Vt can be expressed 
by T as^'^ 

T + T 

Vt = (4.14) 

where J-'t = —2ie'^{Vy^^ + iV^f^) in T. The above relation always holds only if fg = 0, 
i.e., only one of ^2^'^ and A'^^'^ has a nonzero vacuum configuration. (See Eqs. (j3.17p and 
flB.3|) .) Here, we will rescale the compensator superfield as 

Then, the superfield Lagrangian £sf becomes 

>CsF = I y d'9 ^TW-W- + h.c. I + e^- j d'O (dyV^ + z<l>^ - zl^) ' 

+e=^" I jd'^e J:''^H^ Q dy +moT - 2z^^<i>^^ H + h.c. | . (4.16) 



^^In this paper, we assume that only A2 '^'^ have nontrivial vacuum configurations. 
^■^This relation is also mentioned in Ref. j20j . 
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In the limit that Ahid/Ms ^0, i.e., 



■3/2 



0, the warp factor is calculated as 



(4.17) 



3 



by solving the Killing spinor equation. Here, the normalization of the warp factor is chosen 
as (t(0) = 0. This is the case of the supersymmetric Randall-Sundrum model. In this case, 
the above result becomes very similar to the result of Ref . JH] , except for the dependence 
of the radion superfield T in the warp factor. We can reproduce the T-dependence in the 
warp factor of Ref. jl^ by the following redefinition. 




Note that this redefinition does not change the lowest components of Vt and S', but change 
only their auxiliary fields. In this case, however, the relation ()4.14|) no longer holds, and 
we cannot reproduce the T-dependence of Ref. ^H] in the parts of (i'^6'-integration in the 
action. 

The reason for the discrepancy in the T-dependence between our action and that of 
Ref. [in] is as follows. As we can see from Eq. ()4.17p . the warp factor e'^ has an (e^"^)- 
dependence. In Ref. [12], all (e^"^) appearing in the action are promoted to the radion 
superfield T. However, note that the (ey'^)-dependence of the warp factor is induced by 
solving the equation of motion, or the Killing spinor equation in the BPS case. In other 
words, a{y) is independent of (e^^^) at the original SUGRA action, (e^ is independent of 
Cy^.) All (Cy^) except for those in the warp factor should be incorporated into the superfields 
because they originate from the fiinfbein in the superconformal invariant action. On the 
other hand, {Cy"^) in the warp factor appears only after substituting the background solution 
into the action. Therefore, this {Cy'^) should not be accompanied by the auxiliary field J-'t- 

4.4 Comment on Scherk-Schwarz breaking 

Next, we will briefly comment on the relation between nonzero J-'t and Scherk-Schwarz (SS) 
SUSY breaking [21] for further understanding of the radion superfield. In the framework 
of superconformal gravity, twisting boundary conditions for fields with SU{2)r indices can 
be realized by twisting only the compensator gauge fixing as 



where u = {u^ , , u^) is a unit twist vector, while the physical fields are kept untwisted. 
In fact, we can move to the usual SS twisting for the physical fields by rotating back the 

^''Note that the gauge coupHng is odd under the orbifold parity. 
^^We have assumed that (W°) = 0. 





(4.18) 




(a = 1,2) 



(4.19) 
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above gauge fixing to the usual one (j3.3p with an SU {2)u matrix. For the single- valuedness 
of the compensator fields, the twisting parameter a{y) satisfies 



a{y + 2nR) = a{y) + 2n7r. (n: nonzero integer) (4.20) 

Notice that we can also move to the untwisted compensator by SU{2)c rotation mentioned 
in Sect J3.H 

U\Al C - U^C", (4.21) 
where U\ (a, 6 = 1,2) is an SU{2)c matrix defined as 

U\= {e''''^y^'^'^)\. (4.22) 

From Eq. ()B.3| ). we can see that the SU{2)u gauge fields vi'^ (r = 1,2,3) are shifted in 
this basis as 



^ vi" + = +S,c,[l + j^y,\Afn (4.23) 



5 a=3 / 



where we have used the gauge fixing conditions in the second equality. Thus, the SS 
twisting induces the non- vanishing Wilson line of the SU{2)u gauge field. 

2tvR 

dy {Vi^'^) = 27rn(l + 5)uj\ (4.24) 







where 

We have used Eq. ()4.20p and assumed that the SS twisting is the only source of the non- 
vanishing Wilson line. In fact, the stabilizer fields A2~^''^ can also contribute to the Wilson 
line, but it is estimated as C(A^;^/M|) from Eq. ()B.3jl and negligible. 

Thus, the SS twisting is equivalent to the non-vanishing Wilson line. Here, notice 
that the consistency of the SS twisting with the orbifold transformation characterized by 
Table H requires a;^ = 0.^^ Thus, we can ignore the dependence of K)'^'* in the action, as 
we did. As mentioned in the previous subsection, the auxiliary field of radion is provided 
by Tt = -2ie''{vj^^ +iVj^^)- Therefore, we can conclude that the SS SUSY breaking 
is equivalent to the breaking due to a nonzero J-'t, as is well-known in the case of fiat 
spacetime P^ . 

According to Ref. [23], however, the twisted boundary condition leads to inconsistent 
theory in the slice of AdS spacetime. In the superconformal formulation, this can be seen 
from the appearance of a nonzero mass of the graviphoton B^, which is proportional to u 
and g^. Thus, this inconsistency of the theory can be avoided if (7° = and the warp factor 
can be generated only from the vacuum configuration of the bulk scalars. 



^^In general, the orbifold transformation can mix two components of an S'C/(2)[/-doublct spinor ip'' as 
i^^{~y) = ^15^'' jip^ {y), where the mixing matrix satisfies M* = —a2Ma2- We have chosen as 
M = (T3 in this paper. 
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4.5 Geometry mediated SUSY breaking 

Finally, we will discuss the SUSY breaking effect induced by the non-BPS background 
geometry. In order to focus on this effect, we will consider the case that there is no SS 
twisting discussed in the previous subsection. In this case, SUSY breaking is characterized 
by the quantities defined in Eq. (j3.17|) . Among them, only f^'"^ and fc are independent 
in our case. In fact, /j^'^ and are related to them through Eqs. (|3.2ip and (j4.12p . 
and the others are zero. Here, we assume that only one complex scalar A2 or A2 has a 
nontrivial field configuration so that fg = 0.^'' The quantities /^'^ and fc characterize 
SUSY breaking in the stabilization sector and the deviation of the geometry from the 
BPS limit, respectively. They are calculated immediately once the non-BPS background 
is found. 

The action is calculated as 

S = j(fx CsF + jO,sb, 



£sF = <! Id^O -W^W"" + h.c. \ + e^" d^O (dyV'' + «l>^ - 



+6^'^ I fd^9 H"" Q dy +mo - 2«rl>^') H + h.c. 



:sB = e^'-fc {{dy + 3d + 2M,g'^ - fcWf 
'\Oy^\M.gl^\ 



ixlX" + h.c.) + - h^g'^h^) }> + ■■■, (4.26) 



where the ellipsis denotes the negligible quartic or higher order terms for the physical fields. 
Here, we have rescaled y so that (e^^) = 1, and used 

fl ^ ^Mf/^G, (4.27) 

which follows from Eq. 1)3.211) under the assumption Ahid <^ M^. We have redefine the 
auxiliary field in as D^' — 2e^'^/G0^ in order to absorb the explicit dependence 

of in CsB of Ea.dOl). 

Note that all SUSY breaking terms are proportional to fa, which characterizes the 
deviation of the warp factor (j{y) from the BPS limit. This means that SUSY breaking 
in the visible sector mainly comes from only the deformation of the background geome- 
try. We can also see that no A-terms or i?-terms for the matter hyperscalars are induced. 
Since the physical gauge scalar superfields $| (x = 1,2, ■ ■ ■ ,nv) are odd under the orb- 
ifold transformation, they have no zero-modes and decouple below the compactification 

^''One example of such non-BPS configuration is found in Ref. in the 5D global SUSY model. The 
authors insist that their solution can be embedded into 5D SUGRA. 
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scale R~^}^ Thus, the only SUSY breaking terms induced by the deformed geometry are 
the mass terms for the hyperscalars in the low-energy effective theory. 

We can check that the non-BPS bulk geometry does not cause SUSY breaking in the 
brane actions at tree level. This can easily be understood from the fact that fciv) is an 
odd function under the orbifold parity and vanishes on the boundaries. 

5 Summary and comments 

We have proposed a practical method of deriving 5D SUGRA action on a general warped 
geometry using 4D superfields. Our method is based on the superconformal formulation 
of 5D SUGRA discussed in Refs. jT2l UHl Ull CHI- We have expressed an invariant action 
in 4D M = 1 superspace in the case that fluctuation modes of the gravitational fields 
are neglected. This greatly simplifies calculations and makes the procedure transparent 
thanks to the well-known 4D superfield formalism. A significant advantage of our method 
is that we can deal with a general warped geometry including a non-BPS background in 
the superfield formalism. 

In the case of a non-BPS background, SUSY breaking terms appear after the super- 
conformal gauge fixing. This might seem an explicit breaking of SUSY by the gauge fixing 
conditions. However, this is not the case. Notice that the genuine SUSY transforma- 
tion 5q is different from a fermionic transformation 5'q generated by acting a differential 

operator e'^Q + e^Q on each superfield, where 

= - ^ {<y'^d)jm, = ^ - ^ (^^^)' (5-1) 

The genuine SUSY 5q is defined as a combination of Q-transformation 5q, the conformal 
supersymmetry 5s, and the special conformal boost 5k, 

5Q{e) ^ 5Q{e) + 5s{il{^)) + 5K{^K{e)), (5.2) 

where transformation parameters rf and are determined so that 5q preserves the su- 
perconformal gauge fixing conditions. (See Eq.(D.6) in the second paper of Ref. ^2] for 
the explicit expressions of r^* and ^^.) On the other hand, we have defined 5'q so that it 
preserves the gravitational background ()2.7|1 . z.e.,^^ 

r]' = l^l,e\ el = 0. (5.3) 

Namely, the gauge fixing conditions break ^g-symmetry, not the genuine SUSY 5q. The 
latter is broken by the non-BPS background, and thus this breaking is spontaneous. No- 
tice that the difference between 5q and 5'q is a choice of rj and and the superconformal 

""^^ Since Aj^^j^ is the characteristic length of the nontrivial field configuration, the radius R is generally 
larger than Aj^j^. 

^^In order to construct 4D superfields, the transformation parameter is restricted to e+ — e^e^ (eq : 
4D Majorana constant spinor). 
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transformations of A°', and include neither t] nor ^k- Therefore, both transforma- 
tions Sq and 6'q are identical for these fields. Since the superpartners of these fields are 
defined by SqA"", SqW^^ and SqM^ , the superfields constructed by S'q describe the correct 
supermultiplets for the on-shell fields. All the transformations including rj or C,k involve 
the auxiliary fields. This means that the deviation of 6q from 6q can be pushed into 
the definition of the auxiliary fields of the superfields. In fact, a in Eqs. ()2.1()j) and ()2.14j) 
corresponds to the contributions of r] in Eq. ()5.Hj] . 

Our result can be compared with that of Ref. ^Hl in the case of a BPS background. 
We saw that the radion superfield originates from two different kinds of superconformal 
multiplets in Ref. ^1]. One is a 4D real general multiplet whose lowest component is e^^ 
and the other is a 4D chiral multiplet whose lowest component is {Wy + iCy^M^) /2. On 
the gravitational background ()2.7|1 . the corresponding superfield of the former multiplet 
is a spurion superfield Vt while the latter becomes the gauge scalar superfield $^ for the 
graviphoton multiplet. Although these superfields have different origins, they describe 
almost the same degrees of freedom on the gravitational background, except for y''^^) + 
2^0(2) ^ which has a vanishing VEV if only one scalar of the stabilizer hypermultiplet has a 
nontrivial configuration. In such a case, both Vt and $5 are expressed by a single chiral 
spurion field T, which is commonly called the radion superfield. Since we started from the 
off-shell SUGRA formulation, we can derive the dependence of T in the action without 
any ambiguity. Our result is slightly different from that of Ref. |^ by the T-dependence 
in the warp factor. This discrepancy stems from the fact that the (e^^^)- dependence of the 
warp factor is induced by solving the equation of motion (or the Killing spinor equation 
in the BPS case). In other words, aiy) is independent of (e^^) at the original SUGRA 
action because is independent of e^^. Therefore, (e^'^) in the warp factor should not be 
accompanied by the auxiliary field J^t- Using our identification of the radion superfield, 
we can explicitly see that SUSY breaking by the auxiliary field jFj. of the radion superfield 
is equivalent to the Scherk-Schwarz breaking, as is well-known in flat spacetime. 

We also discussed SUSY breaking induced by a deformed geometry. Here, we have 
assumed that the deformed (non-BPS) geometry comes from the backreaction of a non- 
trivial scalar configuration which is relevant to the radius stabilization. In the case that 
the stabilization sector is decoupled from our visible sector, all SUSY breaking effects are 
induced through the background geometry. In fact, the dominant SUSY breaking terms are 
proportional to /g, which characterizes the deformation of the geometry. (See Eq. (j4.26|) .) 
Namely, fa is a y-dependent order parameter of SUSY breaking in this case. We can see 
that the deformed geometry only induces the masses for the bulk scalars besides the scalar 
trilinear coupling involving the gauge scalars 0^. It should also be noted that the geome- 
try mediated SUSY breaking induces no SUSY breaking effects on the boundaries at tree 
level because the order parameter fdy) is an odd function under the orbifold parity and 
vanishes on the boundaries. 

^°As mentioned in Ref. both multiplets have nontrivial transformation properties under the full 5D 
superconformal transformation, and it is a hard task to find how they appear in 4D action formulae in a 
5D superconformal invariant way. On the other hand, our superfield formalism is much easier to deal with 
because we focus on only the Jg-symmetry, which is just part of the full superconformal symmetry. 

^^The fermionic component of $^ only contributes to quartic or higher order terms suppressed by the 
5D Planck mass M5, which are neglected in this paper. 
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Finally, we would like to comment on the recently appeared preprint P0| related to 
our work. In Ref. the authors express 5D superconformal gravity action in terms of 
the action formulae for 4D superconformal gravity. Our action before the superconformal 
gauge fixing should be obtained by fixing the gravitational background in their action. 
The radion spurion superfield discussed in our paper is consistent with their identification 
of the radion multiplet. In our paper, we further show the action after the gauge fixings 
explicitly which is useful to derive the effective theory even on a non-BPS background 
(general warped background). 
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A Notation 

Basically, we follow the notation of Refs. The metric convention is 

r/^, = diag(l, -1,-1, -1,-1). (A.l) 



We choose the following representation for 7-matrices. 




(A.2) 



where (fc = 1, 2, 3) are the Pauli matrices. These satisfy the Clifford algebra 



{7^7^} = 27/^^^ (A.3) 

The SU{2)u Majorana condition is 

n'^ ^ (fi[)t7o = {n'Tc,, (A.4) 



where the 5D charge conjugation matrix C5 is 



C. ^ ( „^ ) , (A.5) 

The chirality matrix 75 in four dimensions is defined as 75 = 27^, and the projection 
operators Vr^l are defined as 

_ 1 + 75 _ 1 - 75 

Vr = — - — . Vl = — - — • (A.6) 
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In the superfield formalism, we use the 2-component notation for spinors. For a 4- 
component spinor ip, a 2-component spinor ip^ is defined as 

w - ( tr ) • (^•^) 

Using this notation, we can rewrite the 4-component spinors fi^* in terms of 2-component 
spinors owing to the SU{2)u Majorana condition ()A.4|) . 

Similarly, we can rewrite the Usp{2, 2nii) Majorana spinors as, 

^"-(4)' ^-ii)' ^'-(-l)' ■■■■ 

We take a convention of Ref. [2Zj for the contraction of 2-component spinors. 

The indices ■■■ and ■■■ are lowered (or raised) by the antisymmetric ten- 
sors Pa/3 (p"^) and eij (e*-'), respectively.^^ Here, eu = e^^ = 1 and both pa/3 and p"^ have 
the following form in the standard representation 



p = e O l„H+i- (e = ^0-2) (A.IO) 



B Invariant action on gravitational background 



After performing the integration of 6 and substituting Eqs. ()2.10|) and ()2.14|) into each 
component of superfield, the superspace expression (|2.16p becomes 



S 

c 



I.J 



2 



4^2 ■' 



1 



+e 



{M0\2 



+Atdf {M'{gtj)M\gtj));Al^ - 8tAyfn'\gtj);C, 
+2AyfY''\gtj);A,, + 2tCdfM\gtj);'C,] 



—e 



(B.l) 



where summations for the indices I, J,K = 0, 1, ■ ■ ■ , ny; a, /3, 7 = 1, 2, ■ ■ ■ , 2nH + 2, and 
i,j = 1,2 are implicit, and Xij = d'^M/dM^dM^, Mux = d^Af /OM^dM^dM^ . Here, 

^^We take the northwest-to-southeast contraction convention for these indices. 
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we have used the 5D spinor notation. Namely, fi^* (C°) denote SU{2)u {Usp{2,2nn)) 
Majorana conjugates of (C")- ^ is the background value of 5D Ricci scalar and 



e = det(e/)=e 



4(7 



V,At ^ d,At - V,,,A^^ - w;,{gt,r^A^, 

a 



7^ = 4(e/)-'(2a + 5(T'). (B.2) 



Eq. (jB.lj) coincides with the invariant action in Refs. 115] on the gravitational back- 
ground ()2.7j) . except for the following three points. First, the coefficient of J-'°'dJ^J-'J^ is 
1 — W^^W^ / (M^)"^ in Refs. [THllIBj- However, this discrepancy is harmless because is 
odd under the orbifold parity and vanishes on the boundary. Both actions lead to the same 
on-shell action. Second, the coefficient of the Einstein-Hilbert term is different from that 
of Ref. [13 CS], which is eA'^dJ^A^f^/A. This discrepancy stems from the fact that we have 
dropped the auxiliary field D that leads to the constraint (|3.7p . In fact, both coefficients 
will be the correct value — eM|/2 after the gauge fixing. Third, according to Refs. [1211121, 
the coefficient functions of the kinetic term for the gauge fields and gauge scalars are Majj 
defined in Eq. fl3.12|) instead of — A//j/2 in Eq. ()B.l|) . This stems from the fact that we have 
replaced the auxiliary field v^y in the Weyl multiplet by its background value. However, 
this does not cause a serious problem if we do not discuss the graviphoton sector. In fact, 
after the gauge fixing, the difference from the correct one only affects in the quartic or 
higher order terms that are neglected here, except for the graviphoton sector. Therefore, 
Eq. ()2.16p effectively reproduces the invariant action in Refs. [THl US] . 

From Eq. (jB.lj) . we can obtain the on-shell expressions of vlf'^ and y^=o(^) [r = 1, 2, 3). 



'5 

i 



yj^) + ^Vj'^ = {AldyAl - AldyAf) +■■■ 




V0(3) _ ""5^c ( . , l-^il'^ + \-^2\' \ _ / 1 ^3|2 _ I .4|2\ 

^ " " Ml ) 3Af5V 1^1 ;+■■■' 

yO(i) ^ ^y0(2) ^ ^AlAt + ■ ■ • , (B.3) 

3M5 2 2' V / 

where the ellipses denote terms that have vanishing VEVs. We have used the gauge fixing 
conditions. does not involve the stabilizer fields A2~^'^, and have vanishing VEVs 

under the assumption of Eq. (j4.8j) . 
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The linear term for JF" only comes from the brane- localized actions |14| . 
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